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a b s t r a c t
The balanced hypercube, proposed by Wu and Huang, is a variant of the hypercube
network. In this paper, paths of various lengths are embedded into balanced hypercubes.
A bipartite graph G is bipanconnected if, for two arbitrary nodes x and y of Gwith distance
d(x, y), there exists a path of length l between x and y for every integer l with d(x, y) ≤
l ≤ |V (G)| − 1 and l − d(x, y) ≡ 0 (mod 2). We prove that the n-dimensional balanced
hypercube BHn is bipanconnected for all n ≥ 1. This result is stronger than that obtained
by Xu et al. which shows that the balanced hypercube is edge-bipancyclic and Hamiltonian
laceable.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
Interconnection networks play an important role in parallel and distributed systems. One of the most important factors
in evaluating a network is its graph embedding capability. The graph embedding problem asks whether a guest graph
is a subgraph of a host graph. Graph embedding can be used to model the simulation of one guest graph by one host
graph. This problem has been a red-hot research topic in recent years [1–18]. In all the graph embedding problems, the
path embedding problem is among the most popular ones. A path can be used as control/data structures for distributed
computation in all kinds of networks. Parallel algorithms, like those for solving algebraic and graph problems, are based on
a path architecture [19,20]. Therefore, it is crucial to have effective path embeddings in an interconnection network.
The hypercube network has been one of the most popular interconnection networks. The balanced hypercube, proposed
by Wu and Huang [21], is a variant of the hypercube. It is bipartite and node transitive, the same as the hypercube. The
balanced hypercube is superior to the hypercube in that it has a smaller diameter than that of the hypercube and supports an
efficient reconfiguration without changing the adjacent relationship among tasks [21]. More desired properties of balanced
hypercubes have been shown in the literature [22,23,21].
An interconnection network is usually represented by a graph. Let G be a simple undirected graph. We use V (G) and
E(G) to denote the sets of nodes and edges of G, respectively. |V (G)| and |E(G)| denote the numbers of nodes and edges of
G, respectively. A path, denoted by 〈v1, v2, . . . , vk〉, is a sequence of nodes where two successive nodes are adjacent in G. A
cycle is a path that begins and ends with the same node. A cycle is a Hamiltonian cycle if it traverses all the nodes of G exactly
once. A bipartite graph G is bipancyclic if, for every even integer l with 4 ≤ l ≤ |V (G)|,G has a cycle of length l. A bipartite
graph G is edge-bipancyclic if, for any edge e of G and every even integer l with 4 ≤ l ≤ |V (G)|,G has a cycle of length l
containing e. A path is said to be a Hamiltonian path of a graph G if it traverses all the nodes of G exactly once. A bipartite
graph is Hamiltonian laceable if there exists a Hamiltonian path between two arbitrary nodes from different partite sets. A
bipartite graph G is bipanconnected if, for any two nodes x and y of Gwith distance d(x, y), there is a path of length l between
them for every integer lwith d(x, y) ≤ l ≤ |V (G)| − 1 and l− d(x, y) ≡ 0 (mod 2).
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Fig. 1. Balanced hypercubes. (a) BH1 , (b) a layout of BH2 , and (c) another layout of BH2 .
In this paper, we study the path embedding problem in balanced hypercubes. We show that the n-dimensional balanced
hypercube, denoted by BHn, is bipanconnected for all n ≥ 1. This result is stronger than the result obtained by Xu et al. [24].
They proved that the balanced hypercube is edge-bipancyclic andHamiltonian laceable. Studies regarding bipanconnectivity
of other networks can be found in the literature [25–29].
The rest of this paper is organized as follows. Section 2 introduces balanced hypercubes and their basic properties. The
proof of our main result is given in Section 3. Section 4 concludes this paper. The Appendix shows a shortest path routing
algorithm of BHn given by Huang et al. [23].
2. Balanced hypercubes and their basic properties
An n-dimensional balanced hypercube [21], denoted by BHn, is defined as follows.
Definition 1. For n ≥ 1, BHn has 22n nodes with addresses (a0, a1, . . . , an−1) where ai ∈ {0, 1, 2, 3} is a number for every
0 ≤ i ≤ n− 1. Each node (a0, a1, . . . , an−1) is adjacent to the following 2n nodes:
(a0 ± 1, a1, . . . , ai−1, ai, ai+1, . . . , an−1), and
(a0 ± 1, a1, . . . , ai−1, ai + (−1)a0 , ai+1, . . . , an−1)
where i is an integer with 1 ≤ i ≤ n− 1, and is called the ith dimension of BHn. 
BH1 is a cycle of length 4 (see Fig. 1(a)). BH2 is shown in Fig. 1(b).
The balanced hypercube BHn can be recursively defined.
Definition 2. BHn is recursively constructed as follows:
(1) BH1 is a cycle with 4 nodes labeled as 0, 1, 2, 3, respectively.
(2) For n ≥ 2, BHn consists of four copies of BHn−1, denoted by BHin−1, for all integer i with 0 ≤ i ≤ 3. Each node
(a0, a1, . . . , an−2, i) of BHin−1 has two extra adjacent nodes:
(a0 ± 1, a1, . . . , an−2, i+ 1) in BHi+1n−1 if a0 is even. (2.1)
(a0 ± 1, a1, . . . , an−2, i− 1) in BHi−1n−1 if a0 is odd.  (2.2)
The first element a0 of node (a0, a1, . . . , an−1) is called the inner address, and the other elements ai, for all 1 ≤ i ≤ n− 1,
are called outer addresses. In what follows, we refer to a node with an odd inner address as a black node and a node with an
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even inner address as awhite node. That is, a black node is in {(a0, a1, . . . , an−1)|(a0, a1, . . . , an−1) ∈ V (BHn) and a0 is odd},
and a white node is in {(a0, a1, . . . , an−1)|(a0, a1, . . . , an−1) ∈ V (BHn) and a0 is even}.
BHn is a node transitive graph. That is, for two arbitrary nodes x and y of BHn, there is an automorphism T of BHn such
that T (x) = y.
Theorem 1 ([21]). The balanced hypercube is node transitive.
The distance between two nodes x and y is denoted by d(x, y). The diameter of a graph G is max{d(x, y)|x, y ∈ V (G)}. It
has been shown in [23] that the diameter of BHn is either 2n or (2n− 1) depending on the value of n.
Theorem 2 ([23]). The diameter of BHn is 2n when n is even or n = 1, and is 2n− 1 when n is odd other than 1.
Huang and Wu proposed [23] a shortest path algorithm between every pair of nodes of BHn. The algorithm is given in
the Appendix for reference. We observe that each shortest path constructed from this algorithm crosses each BHn−1 at most
once. In fact, an outer address cannot be modified backwards and forwards along any shortest path of BHn. Therefore, we
have the following lemma.
Lemma 1. Suppose that SP is a shortest path of BHn for some n ≥ 1. Then SP crosses BHin−1 at most once for any 0 ≤ i ≤ 3.
3. Path embedding in balanced hypercubes
In this section, we consider the embedding of paths of various lengths in balanced hypercubes. We are to prove that BHn
is bipanconnected for all n ≥ 1. We first need the following lemma.
Lemma 2 ([24]). Let (a0, a1, . . . , an−1) be an arbitrary node of BHn. There exists a Hamiltonian cycle that contains the path
〈(a0 − 1, a1, . . . , an−1), (a0, a1, . . . , an−1), (a0 + 1, a1, . . . , an−1), (a0 + 2, a1, . . . , an−1)〉.
We then consider the bipanconnectivity of BH2 as follows. We will use some symmetry of BH2 to reduce cases that we
need to consider.
Theorem 3. BH2 is bipanconnected.
Proof. Let x and y be two arbitrary nodes of BH2. We shall find a path of length l between x and y for an arbitrary odd integer
lwith d(x, y) ≤ l ≤ 15 if x and y belong to different partite sets, and a path of length l between x and y for an arbitrary even
integer lwith d(x, y) ≤ l ≤ 14 if x and y belong to the same partite set. By Theorem 1, BH2 is node transitive. Therefore, we
may assume that x = (0, 0), which is a white node. The figure in Fig. 1(a) is a layout of BH2, and the figure in Fig. 1(b) shows
another layout of BH2. We can see that the following pairs of nodes are symmetric to each other: (3, 0) and (1, 0), (3, 1) and
(1, 1), (2, 1) and (0, 1), (3, 2) and (1, 2), (2, 2) and (0, 2), (3, 3) and (1, 3), and (2, 3) and (0, 3). Hence we may assume
that y = (3, 0), (2, 0), (3, 1), (2, 1), (3, 2), (2, 2), (3, 3), or (2, 3). All the required paths are listed in Table 1. Thus BH2 is a
bipanconnected graph. 
We have given the embedding of paths in BH2. In Theorem 4, we will give the embedding of paths in BHn for n ≥ 1 as
follows.
Theorem 4. The balanced hypercube BHn is bipanconnected for all n ≥ 1.
Proof. The proof proceeds by induction on n. Trivially, BH1 is bipanconnected. In addition, by Theorem 3, the statement is
true for BH2. Assume that the statement is true for BHn−1 with n ≥ 3.We shall show that it is true for BHn as follows. That is,
let x and y be two arbitrary nodes of BHn. We shall prove that there exists a path of length l between x and y for an arbitrary
odd integer l with d(x, y) ≤ l ≤ 4n − 1(=|V (BHn)| − 1) if x and y belong to different partite sets, and there exists a path
of length l between x and y for an arbitrary even integer l with d(x, y) ≤ l ≤ 4n − 2 if x and y belong to the same partite
set. We may assume that x = (0, . . . , 0, 0) since, by Theorem 1, the balanced hypercube is node transitive. Note that x is a
white node. We consider the following cases according to which BHn−1’s y belongs to.
Case 1. y ∈ V (BH0n−1). We further deal with two cases according to whether y is a black or white node.
Case 1.1. y is black. We further deal with two cases according to the value of l.
Case 1.1.1. d(x, y) ≤ l ≤ 4n−1−1. By Lemma 1, each shortest path of BHn between x and y crosses each BHn−1 of BHn at most
once. Since y ∈ V (BH0n−1), a shortest path of BHn between x and y is also a shortest path of BH0n−1 between x and y. Hence, by
induction hypothesis, there is a path of length l between x and y for an arbitrary odd integer lwith d(x, y) ≤ l ≤ 4n−1 − 1.
Case 1.1.2. 4n−1+1 ≤ l ≤ 4n−1. Let P0 be a path of BH0n−1 between x and y, and (u0, v0) be an edge of P0, where u0 is a white
node and v0 is a black node (see Fig. 2). Let v1 ∈ BH1n−1 be a neighbor of u0, and let 〈v0, u3, v3, u2, v2, u1〉 be a path of BHn
such that (u3, v3) ∈ E(BH3n−1), (u2, v2) ∈ E(BH2n−1), and u1 ∈ BF 1n−1. Note that, for every 0 ≤ i ≤ 3, ui is a white node and
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Table 1
Paths of various lengths joining node (0, 0) to nodes (3, 0), (2, 0), (3, 1), (2, 1), (3, 2), (2, 2), (3, 3), and (2, 3) respectively.
Paths joining (0, 0) to (3, 0)
A path of length 1 〈(0, 0), (3, 0)〉
A path of length 3 〈(0, 0), (1, 0), (2, 0), (3, 0)〉
A path of length 5 〈(0, 0), (1, 1), (2, 0), (1, 0), (0, 3), (3, 0)〉
A path of length 7 〈(0, 0), (1, 1), (2, 1), (1, 2), (0, 2), (1, 3), (0, 3), (3, 0)〉
A path of length 9 〈(0, 0), (1, 1), (2, 1), (1, 2), (2, 2), (1, 3), (2, 3), (1, 0), (2, 0), (3, 0)〉
A path of length 11 〈(0, 0), (1, 1), (0, 1), (3, 1), (2, 1), (1, 2), (2, 2), (3, 2), (0, 2), (1, 3), (0, 3), (3, 0)〉
A path of length 13 〈(0, 0), (1, 1), (0, 1), (1, 2), (2, 2), (3, 2), (0, 2), (1, 3), (2, 3), (3, 3), (0, 3), (1, 0), (2, 0), (3, 0)〉
A path of length 15 〈(0, 0), (1, 1), (0, 1), (3, 1), (2, 1), (1, 2), (2, 2), (3, 2), (0, 2), (1, 3), (2, 3), (3, 3), (0, 3), (1, 0), (2, 0), (3, 0)〉
Paths joining (0, 0) to (2, 0)
A path of length 2 〈(0, 0), (1, 0), (2, 0)〉
A path of length 4 〈(0, 0), (1, 1), (2, 1), (3, 1), (2, 0)〉
A path of length 6 〈(0, 0), (3, 0), (0, 3), (3, 3), (2, 3), (1, 0), (2, 0)〉
A path of length 8 〈(0, 0), (1, 1), (2, 1), (1, 2), (0, 2), (1, 3), (0, 3), (3, 0), (2, 0)〉
A path of length 10 〈(0, 0), (1, 1), (2, 1), (1, 2), (2, 2), (3, 2), (0, 2), (1, 3), (0, 3), (3, 0), (2, 0)〉
A path of length 12 〈(0, 0), (1, 1), (2, 1), (3, 1), (0, 1), (3, 2), (2, 2), (1, 2), (0, 2), (1, 3), (0, 3), (3, 0), (2, 0)〉
A path of length 14 〈(0, 0), (1, 1), (0, 1), (3, 1), (2, 1), (1, 2), (2, 2), (3, 2), (0, 2), (1, 3), (2, 3), (3, 3), (0, 3), (3, 0), (2, 0)〉
Paths joining (0, 0) to (3, 1)
A path of length 1 〈(0, 0), (3, 1)〉
A path of length 3 〈(0, 0), (3, 0), (2, 0), (3, 1)〉
A path of length 5 〈(0, 0), (3, 0), (2, 0), (1, 1), (0, 1), (3, 1)〉
A path of length 7 〈(0, 0), (3, 0), (0, 3), (1, 3), (0, 2), (1, 2), (0, 1), (3, 1)〉
A path of length 9 〈(0, 0), (3, 0), (0, 3), (3, 3), (2, 3), (1, 3), (0, 2), (1, 2), (0, 1), (3, 1)〉
A path of length 11 〈(0, 0), (3, 0), (0, 3), (3, 3), (2, 3), (1, 3), (0, 2), (3, 2), (2, 2), (1, 2), (0, 1), (3, 1)〉
A path of length 13 〈(0, 0), (3, 0), (0, 3), (3, 3), (2, 3), (1, 3), (0, 2), (3, 2), (2, 2), (1, 2), (2, 1), (1, 1), (0, 1), (3, 1)〉
A path of length 15 〈(0, 0), (1, 0), (2, 0), (3, 0), (0, 3), (3, 3), (2, 3), (1, 3), (0, 2), (3, 2), (2, 2), (1, 2), (2, 1), (1, 1), (0, 1), (3, 1)〉
Paths joining (0, 0) to (2, 1)
A path of length 2 〈(0, 0), (3, 1), (2, 1)〉
A path of length 4 〈(0, 0), (3, 1), (0, 1), (1, 1), (2, 1)〉
A path of length 6 〈(0, 0), (3, 0), (2, 0), (3, 1), (0, 1), (1, 1), (2, 1)〉
A path of length 8 〈(0, 0), (3, 0), (0, 3), (1, 3), (0, 2), (3, 2), (2, 2), (1, 2), (2, 1)〉
A path of length 10 〈(0, 0), (3, 0), (0, 3), (3, 3), (2, 3), (1, 3), (0, 2), (3, 2), (2, 2), (1, 2), (2, 1)〉
A path of length 12 〈(0, 0), (1, 0), (2, 0), (3, 0), (0, 3), (3, 3), (2, 3), (1, 3), (0, 2), (3, 2), (2, 2), (1, 2), (2, 1)〉
A path of length 14 〈(0, 0), (1, 0), (2, 0), (3, 0), (0, 3), (3, 3), (2, 3), (1, 3), (0, 2), (3, 2), (2, 2), (1, 2), (0, 1), (3, 1), (2, 1)〉
Paths joining (0, 0) to (3, 2)
A path of length 3 〈(0, 0), (3, 1), (0, 1), (3, 2)〉
A path of length 5 〈(0, 0), (3, 0), (0, 3), (3, 3), (2, 2), (3, 2)〉
A path of length 7 〈(0, 0), (1, 0), (2, 0), (3, 0), (0, 3), (3, 3), (2, 2), (3, 2)〉
A path of length 9 〈(0, 0), (1, 0), (2, 0), (3, 0), (0, 3), (1, 3), (2, 3), (3, 3), (2, 2), (3, 2)〉
A path of length 11 〈(0, 0), (1, 0), (2, 0), (3, 1), (0, 1), (1, 1), (2, 1), (1, 2), (2, 2), (3, 3), (0, 2), (3, 2)〉
A path of length 13 〈(0, 0), (1, 0), (2, 0), (3, 1), (0, 1), (1, 1), (2, 1), (1, 2), (2, 2), (3, 3), (0, 3), (1, 3), (0, 2), (3, 2)〉
A path of length 15 〈(0, 0), (1, 1), (2, 1), (3, 1), (0, 1), (1, 2), (0, 2), (1, 3), (0, 3), (3, 0), (2, 0), (1, 0), (2, 3), (3, 3), (2, 2), (3, 2)〉
Paths joining (0, 0) to (2, 2)
A path of length 4 〈(0, 0), (3, 0), (0, 3), (3, 3), (2, 2)〉
A path of length 6 〈(0, 0), (1, 0), (2, 0), (3, 0), (0, 3), (3, 3), (2, 2)〉
A path of length 8 〈(0, 0), (1, 0), (2, 0), (3, 0), (0, 3), (1, 3), (2, 3), (3, 3), (2, 2)〉
A path of length 10 〈(0, 0), (1, 0), (2, 0), (3, 0), (0, 3), (3, 3), (2, 3), (1, 3), (0, 2), (1, 2), (2, 2)〉
A path of length 12 〈(0, 0), (1, 0), (2, 0), (3, 0), (0, 3), (3, 3), (2, 3), (1, 3), (0, 2), (3, 2), (0, 1), (1, 2), (2, 2)〉
A path of length 14 〈(0, 0), (1, 0), (2, 0), (3, 0), (0, 3), (3, 3), (2, 3), (1, 3), (0, 2), (3, 2), (0, 1), (3, 1), (2, 1), (1, 2), (2, 2)〉
Paths joining (0, 0) to (3, 3)
A path of length 3 〈(0, 0), (3, 0), (0, 3), (3, 3)〉
A path of length 5 〈(0, 0), (1, 0), (2, 0), (3, 0), (0, 3), (3, 3)〉
A path of length 7 〈(0, 0), (1, 0), (2, 0), (3, 0), (0, 3), (1, 3), (2, 3), (3, 3)〉
A path of length 9 〈(0, 0), (1, 0), (2, 0), (3, 0), (0, 3), (1, 3), (0, 2), (1, 2), (2, 2), (3, 3)〉
A path of length 11 〈(0, 0), (1, 0), (2, 0), (3, 0), (0, 3), (1, 3), (0, 2), (1, 2), (0, 1), (3, 2), (2, 2), (3, 3)〉
A path of length 13 〈(0, 0), (1, 0), (2, 0), (3, 0), (0, 3), (1, 3), (0, 2), (1, 2), (2, 1), (1, 1), (0, 1), (3, 2), (2, 2), (3, 3)〉
A path of length 15 〈(0, 0), (1, 1), (0, 1), (3, 1), (2, 1), (1, 2), (2, 2), (3, 2), (0, 2), (1, 3), (2, 3), (1, 0), (2, 0), (3, 0), (0, 3), (3, 3)〉
Paths joining (0, 0) to (2, 3)
A path of length 2 〈(0, 0), (3, 0), (2, 3)〉
A path of length 4 〈(0, 0), (3, 0), (0, 3), (3, 3), (2, 3)〉
A path of length 6 〈(0, 0), (1, 0), (2, 0), (3, 0), (0, 3), (3, 3), (2, 3)〉
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Table 1 (continued)
A path of length 8 〈(0, 0), (3, 0), (0, 3), (1, 3), (0, 2), (3, 2), (2, 2), (3, 3), (2, 3)〉
A path of length 10 〈(0, 0), (3, 0), (2, 0), (1, 1), (2, 1), (1, 2), (2, 2), (3, 2), (0, 2), (1, 3), (2, 3)〉
A path of length 12 〈(0, 0), (3, 0), (2, 0), (1, 1), (2, 1), (3, 1), (0, 1), (3, 2), (2, 2), (1, 2), (0, 2), (3, 3), (2, 3)〉
A path of length 14 〈(0, 0), (3, 0), (2, 0), (1, 1), (2, 1), (3, 1), (0, 1), (3, 2), (2, 2), (1, 2), (0, 2), (3, 3), (0, 3), (1, 3), (2, 3)〉
Fig. 2. A path of length l between x and y in BHn (Case 1.1.2 of Theorem 4).
vi is a black node. Let Pi be a path of BHin−1 between ui and vi for all 1 ≤ i ≤ 3. In addition, let P0 = 〈x, P01, u0, v0, P02, y〉,
where P01 is a subpath of P0 between x and u0, and P02 is a subpath of P0 between v0 and y. Then
〈x, P01, u0, v1, P1, u1, v2, P2, u2, v3, P3, u3, v0, P02, y〉
is a path P between x and y. Let li denote the length of the path Pi for every 0 ≤ i ≤ 3. Since u3 is adjacent to v3, and
u2 is adjacent to v2, by induction hypothesis, l2 and l3 are odd integers with 1 ≤ l2, l3 ≤ 4n−1 − 1. By Theorem 2, the
diameter of BHn−1 is no more than 2(n − 1). Therefore, there is a path of length 2(n − 1) − 1 between x and y in BH0n−1.
By induction hypothesis, l0 may be an odd integer with 2(n − 1) − 1 ≤ l0 ≤ 4n−1 − 1. Similarly, l1 may be an odd
integer with 2(n − 1) − 1 ≤ l1 ≤ 4n−1 − 1. The length l of P is l0 + l1 + l2 + l3 + 3. So l may be an odd integer with
(2(n− 1)− 1)+ (2(n− 1)− 1)+ 1+ 1+ 3 ≤ l ≤ 4(4n−1 − 1)+ 3, i.e., 4n− 1 ≤ l ≤ 4n − 1. Since 4n− 1 ≤ 4n−1 + 1 for
any n ≥ 3, this case follows.
Case 1.2. y is white. With a method similar to that of Case 1.1, we can find a path of length l between x and y for an arbitrary
even integer lwith d(x, y) ≤ l ≤ 4n − 2.
Case 2. y ∈ V (BH1n−1) or y ∈ V (BH3n−1). Without loss of generality, we may assume that y ∈ V (BH1n−1). We further deal with
two cases according to whether y is a black or white node.
Case 2.1. y is black. By Lemma 1, each shortest path of BHn between x and y crosses each BHn−1 of BHn at most once. Because
y ∈ V (BH1n−1), each shortest path between x and y either crosses BH0n−1 and then BH1n−1 or BH0n−1, BH3n−1, BH2n−1, and then
BH1n−1. We assume the former, i.e., there is a shortest path crossing BH
0
n−1 and then BH
1
n−1 between x and y since the result of
the latter can be obtained by a method similar to that of Case 3.1.1 (see Fig. 4(a)). That is, let SP be a shortest path between x
and y crossing BH0n−1, BH
3
n−1, BH
2
n−1, and then BH
1
n−1. Then the length of SP can be increased by 2 every time until its length
is 4 · 4n−1 − 1. We further deal with two cases according to the value of l.
Case 2.1.1. d(x, y) ≤ l ≤ 2 ·4n−1−3. Let SP be a shortest path of BHn between x and y, and let (u, v) be an edge of SP such that
u ∈ V (BH0n−1) and v ∈ V (BH1n−1) (see Fig. 3(a)). Thus u is a white node, and v is a black node. Let SP = 〈x, P0, u, v, P1, y〉,
where P0 is a path of BH0n−1 between x and u, and P1 is a path of BH
1
n−1 between v and y. By induction hypothesis, we can
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Fig. 3. Paths between x and y in BHn . (a) Case 2.1.1 and (b) Case 2.1.2.
increase the length of either P0 or P1 by 2 each time until P0 and P1 have reached their maximum length, which is 4n−1 − 2.
Thus there is a path of length l between x and ywhere l is an odd integer with d(x, y) ≤ l ≤ 2 · 4n−1 − 3. Note that if x = u,
then P0 = 〈x〉. Then P0 can be substituted by the path 〈x = (x0, x1, . . . , xn−1), (x0+1, x1, . . . , xn−1), (x0+2, x1, . . . , xn−1)〉,
where (x0 + 2, x1, . . . , xn−1) is also adjacent to v. Furthermore, if x = u and y = v, x is adjacent to y. Then y =
(x0+1, x1, . . . , xn−1+1) or (x0−1, x1, . . . , xn−1+1).We assumewithout loss of generality that y = (x0+1, x1, . . . , xn−1+1).
Then 〈x = (x0, x1, . . . , xn−1), (x0+1, x1, . . . , xn−1), (x0+2, x1, . . . , xn−1), (x0+1, x1, . . . , xn−1+1) = y〉 is a path of length
3 between x and y. Further, 〈x = (x0, x1, . . . , xn−1), (x0 + 1, x1, . . . , xn−1), (x0 + 2, x1, . . . , xn−1), (x0 + 3, x1, . . . , xn−1 +
1), (x0 + 2, x1, . . . , xn−1 + 1), (x0 + 1, x1, . . . , xn−1 + 1) = y〉 is a path, say P , of length 5 between x and y. Then the length
of P can be increased by 2 every time until its length is 2 · 4n−1 − 3.
Case 2.1.2. 2 · 4n−1 − 1 ≤ l ≤ 4n − 1. Let 〈x, v0, u3, v3, u2, v2, u1〉 be a path of BHn such that (x, v0) ∈ E(BH0n−1), (u3, v3) ∈
E(BH3n−1), (u2, v2) ∈ E(BH2n−1), and u1 ∈ BF 1n−1 (see Fig. 3(b)). We note that v0, v3, and v2 are black nodes, and u3, u2, and
u1 are white nodes. Let P0 be a path of BH0n−1 between x and v0, P3 be a path of BH
3
n−1 between u3 and v3, P2 be a path of
BH2n−1 between u2 and v2, and P1 be a path of BH
1
n−1 between u1 and y. Then
〈x, P0, v0, u3, P3, v3, u2, P2, v2, u1, P1, y〉
is a path P between x and y. Let li denote the length of the path Pi for every 0 ≤ i ≤ 3. Because d(x, v0) = d(u3, v3) =
d(u2, v2) = 1, by induction hypothesis, l0, l2, and l3 are odd integers with 1 ≤ l0, l2, l3 ≤ 4n−1 − 1. By Theorem 2, the
diameter of BHn−1 is no more than 2(n− 1). Therefore, there is a path of length 2(n− 1)− 1 between u1 and y in BH1n−1. By
induction hypothesis, l1 may be an odd integer with 2(n− 1)− 1 ≤ l1 ≤ 4n−1 − 1. The length l of P is l0 + l1 + l2 + l3 + 3.
So lmay be an odd integer with 1 + (2(n − 1) − 1) + 1 + 1 + 3 ≤ l ≤ 4(4n−1 − 1) + 3, i.e., 2n + 3 ≤ l ≤ 4n − 1. Since
2n+ 3 ≤ 4n−1 − 1 for n ≥ 3, this case follows.
Case 2.2. y is white. With a method similar to that of Case 2.1, we can find a path of length l between x and y for an arbitrary
even integer l with d(x, y) ≤ l ≤ 4n − 2. We note that since y is white in this case, it is possible that y = u1 in Fig. 3(b).
If y = u1, y can be replaced by the path 〈y = (y0, y1, . . . , yn−1), (y0 + 1, y1, . . . , yn−1), (y0 + 2, y1, . . . , yn−1)〉, where
(y0 + 2, y1, . . . , yn−1) is also adjacent to v2 of Fig. 3(b).
Case 3. y ∈ V (BH2n−1). By Lemma 1, each shortest path of BHn between x and y crosses each BHn−1 of BHn at most once.
Since y ∈ V (BH2n−1), each shortest between x and y either crosses BH0n−1, BH3n−1 and then BH2n−1 or BH0n−1, BH1n−1 and then
BH2n−1. Without loss of generality, wemay assume that there exists a shortest path SP crossing BH
0
n−1, BH
3
n−1 and then BH
2
n−1
between x and y (see Fig. 4(a)). We further deal with two cases according to whether y is a black or white node.
Case 3.1. y is black. We further deal with two cases according to the value of l.
Case 3.1.1. d(x, y) ≤ l ≤ 3 · 4n−1 − 1. Similar to Case 2.1.1, we can increase the length of SP by 2 every time until its length
is 3 · 4n−1 − 1.
Case 3.1.2. 3 · 4n−1 + 1 ≤ l ≤ 4n − 1. Let y = (y0, y1, . . . , yn−2, 2). We note that y0 is odd. Let y1,2 = (y0 +
1, y1, . . . , yn−2, 2), y2,2 = (y0 + 2, y1, . . . , yn−2, 2), y3,2 = (y0 + 3, y1, . . . , yn−2, 2), y0,3 = (y0, y1, . . . , yn−2, 3), y1,3 =
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Fig. 4. Paths between x and y in BHn . (a) Case 3.1.1 and (b) Case 3.1.2.
(y0 + 1, y1, . . . , yn−2, 3), y2,3 = (y0 + 2, y1, . . . , yn−2, 3), and y3,3 = (y0 + 3, y1, . . . , yn−2, 3) (see Fig. 4(b)). By Lemma 2,
there exists a Hamiltonian cycle C2 of BH2n−1 that contains the path 〈y2,2, y3,2, y, y1,2〉, and there exists a Hamiltonian cycle
C3 of BH3n−1 that contains the path 〈y0,3, y1,3, y2,3, y3,3〉. Let P2 = C2 − {y3,2, y} denote the subpath of C2 which does not
contain y3,2 and y. Let P3 = C3 − {y1,3, y2,3}. Further, let y1,1 = (y0 + 1, y1, . . . , yn−2, 1), y2,0 = (y0 + 2, y1, . . . , yn−2, 0).
Since y0 is odd, y1,1 is adjacent to y2,2, and y2,0 is adjacent to y3,3. Then 〈y1,1, y2,2, P2, y1,2, y0,3, P3, y3,3, y2,0, y1,3, y2,3, y3,2, y〉
is a path P ′ of length 2 ·4n−1+1 between y1,1 and y. By Theorem 2, the diameter of BHn−1 is no more than 2(n−1). Further,
since x is a white node and y2,0 is a black node, there is a path of length 2(n − 1) − 1 between x and y2,0 in BH0n−1. By
induction hypothesis, there exists a path P0 of length l0 between x and y2,0 in BH0n−1 where l0 may be an odd integer with
2(n− 1)− 1 ≤ l0 ≤ 4n−1 − 1. Let u be the second-last node of P0 and v ∈ V (BH1n−1) be a neighbor of u. Similarly, there is
a path P1 of length l1 between v and y1,1 in BH1n−1 where l1 may be an odd integer with 2(n − 1) − 1 ≤ l1 ≤ 4n−1 − 1. Let
P ′0 = P0−y2,0. Then P ′0 is a path of length l′0 between x and uwhere l′0maybe an even integerwith 2(n−1)−2 ≤ l′0 ≤ 4n−1−2.
〈x, P ′0, u, v, P1, y1,1, P ′, y〉
is a path P of length l = l′0 + l1 + (2 · 4n−1 + 1)+ 1 between x and y. Hence lmay be an odd integer with (2(n− 1)− 2)+
(2(n− 1)− 1)+ (2 · 4n−1 + 1)+ 1 ≤ l ≤ (4n−1 − 2)+ (4n−1 − 1)+ (2 · 4n−1 + 1)+ 1, i.e., 2 · 4n−1 + 4n− 5 ≤ l ≤ 4n − 1.
Since 2 · 4n−1 + 4n− 5 ≤ 3 · 4n−1 + 1 for any n ≥ 3, this case follows.
Case 3.2. y is white. We further deal with two cases according to the value of l.
Case 3.2.1. d(x, y) ≤ l ≤ 3 · 4n−1 − 2. This case is similar to Case 3.1.1.
Case 3.2.2. 3 · 4n−1 ≤ l ≤ 4n − 2. We claim that for any y, there exists a black node y′ such that y and y′ are joined by
a path between x and y′ of every odd length l such that (i) 3 · 4n−1 + 1 ≤ l ≤ 4n − 1 and (ii) the path traverses y just
before y′. Let y = (y0, y1, . . . , yn−2, 2). Let y′ = y1,2 = (y0 + 1, y1, . . . , yn−2, 2). We will obtain the claimed path from
the path constructed in Case 3.1.2. In Fig. 5, we underline the label of each node in Fig. 4(b). Then let x = x and y = y3,2.
Hence y1,2 = y. By Case 3.1.2, there exists a path of length l between x(=x) and y(=y1,2) where l is an odd integer with
3 · 4n−1 + 1 ≤ l ≤ 4n − 1. That is, there exists a path of length l(=l − 1) between x(=x) and y3,2(=y) where l is an even
integer with 3 · 4n−1 ≤ l ≤ 4n − 2. This proof is complete. 
4. Conclusion
The balanced hypercube BHn, a variant of the hypercube, has been proved to be better atmany aspects than the hypercube
with the same numbers of edges and nodes. It has been shown that BHn is edge-bipancyclic and Hamiltonian laceable. In
this paper, we improve this result by showing that BHn is bipanconnected. Since we have found paths of all possible lengths
between an arbitrary pair of nodes of BHn, the result obtained in this paper is optimal.
Nodes and/or links of a parallel systemmay be defective while the system is working. It is desirable to isolate them from
the rest of the network, so that there is still an effective embedding. Therefore, fault tolerance is also an important issue in
parallel computing, and bipanconnectivity of the balanced hypercube with faults needs further study.
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Fig. 5. A path of length l between x and y in BHn (Case 3.2.2).
Appendix
Huang andWu proposed [23] the following shortest path algorithm between two arbitrary nodes of BHn. This algorithm
executes two steps iteratively until the destination node is reached. The first step is to select a dimension i, and the second
step is to send the routing data as well as the destination address to the neighbor node along this dimension i. Dimensions
are classified into four groups: priority_1, priority_2, priority_3, and priority_4. In the first step, a highest priority dimension
is selected along which the routing data and the destination address are sent in the second routing step.
Routing algorithm on BHn:
{ A node v = (a0, a1, . . . , an−1) needs to send message m to the destination node d = (d0, d1, . . . , dn−1). Suppose v 6= d,
otherwise v is the destination and routing ends. }
1. Step 1. {select an appropriate dimension i }
if ∃i 6= 0 ((ai − di = 1 ∧ a0 is odd) ∨ (ai − di = 3 ∧ a0 is even))
then randomly select such an i; {priority_1}
else if ∃i 6= 0 (ai − di = 2)
then randomly select such an i; {priority_2}
else if ∃i(1), i(2), i(3), i(4) 6= 0 ((ai(1) − di(1)) = (ai(2) − di(2)) = (ai(3) − di(3)) = (ai(4) − di(4)) 6= 0)
then randomly select such an i = i(j), 1 ≤ j ≤ 4; {priority_3}
else select i = 0; {priority_4}
2. Step 2. {pass data along this appropriate dimension i }
select a′0 randomly from {a0 ± 1 } such that d0 − a′0 6= 2;
case i 6= 0 {i is an outer dimension }
sendm and the destination address d to node
v′ = (a′0, a1, . . . , ai−1, ai + (−1)a0 , ai+1, . . . , an−1);
case i = 0 { need to modify the inner address }
sendm and d to node v′ = (a′0, a1, . . . , an−1). 
The above algorithm is illustrated in the following examples.
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Example 1. The source node v = (0, 0) is about to send a message to the destination node d = (3, 3) in BH2. Then the
algorithm routes the message as follows:
(1) a1 − d1 = −3 = 1 but a0 = 0 is even, so priority_4 dimension i = 0 is selected. The message is routed from (0, 0) to
(3, 0);
(2) a1 − d1 = −3 = 1 and a0 = 3 is odd, so priority_1 dimension i = 1 is selected. The message is routed from (3, 0) to
(0, 3);
(3) a1 − d1 = 0 but a0 6= 3, so priority_4 dimension i = 0 is selected. The message is routed from (0, 3) to (3, 3).
Thus we have the routing path from v to d: 〈v = (0, 0), (3, 0), (0, 3), (3, 3) = d〉. 
Example 2. The source node v = (1, 1, 2, 3, 3, 3, 3, 0, 3, 3, 3) is about to send a message to the destination node d =
(0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0) in BH11. Then we have the following routing path:
〈v = (1, 1, 2, 3, 3, 3, 3, 0, 3, 3, 3), (0, 0, 2, 3, 3, 3, 3, 0, 3, 3, 3), (1, 0, 2, 0, 3, 3, 3, 0, 3, 3, 3),
(0, 0, 1, 0, 3, 3, 3, 0, 3, 3, 3), (1, 0, 1, 0, 0, 3, 3, 0, 3, 3, 3), (0, 0, 0, 0, 0, 3, 3, 0, 3, 3, 3),
(1, 0, 0, 0, 0, 0, 3, 0, 3, 3, 3), (0, 0, 0, 0, 0, 0, 2, 0, 3, 3, 3), (1, 0, 0, 0, 0, 0, 2, 0, 0, 3, 3),
(0, 0, 0, 0, 0, 0, 1, 0, 0, 3, 3), (1, 0, 0, 0, 0, 0, 1, 0, 0, 0, 3), (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 3),
(1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0), (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0) = d〉
where the underline on each dimension means that the message is routed along that dimension. 
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